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Cambridge, January, 1866.

Dear Sir,—
Inclosed is my Report on the Ages of Volunteers in the late war.

The general results were communicated, by permission, to the

National Academy of Sciences at its session in August last, and

tins Report was read before the Commission in November ; but

the Appendix, concerning the Ages of a Population in general,

has been prepared since that time.

For most of the troops comprised within the limits of the

present discussion, no descriptive muster-rolls exist. The Ages,

Nativities, and Statures of those troops whose descriptions are

on record will soon be made the subject of another Report.

I am, dear Sir,

Very respectfully and sincerely yours,

B. A. GOULD,
Actuary U. S. Sanitary Commission.

John S. Blatchford, Esq.,

General Secretary U. S. Sanitary Commission.
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AGES

UNITED STATES VOLUNTEER SOLDIERY

1. Introductory.

On taking charge of the Statistical Department of the United

States Sanitary Commission, in August, 1864, it was found that

considerable progress had been made in collecting the ages of the

soldiers of our volunteer regiments,— an investigation which had

been suggested and commenced by Mr. Elliott, the accomplished

and skilful statistician, who, not very long before, had relin-

quished the direction of this Bureau of the Commission.

Although the best use to be made of the materials appeared

somewhat uncertain, it did not seem proper to discontinue in-

quiries already so far advanced ; and the large experience of Mr.

Elliott in matters connected with vital statistics gave assurance

that valuable as well as interesting results were likely to be

deduced from a thorough study of these data.

The collection of these materials was therefore continued and

completed, by means of the muster-rolls on file at the War De-

partment in Washington, to which access was courteously af-

forded by General E. D. Townsend, Acting Adjutant-General, and

Colonel Samuel Breck, who was in charge of the rolls. Tables

have thus been formed for twenty-seven States, Territories, or geo-

graphical groups, exhibiting the number of men at each year

of age in the volunteer organizations, at the time of their mus-

ter into the service of the United States. The officers are tabu-

lated as a distinct class ; and the three arms of the military

service — infantry, cavalry, and artillery— have been treated

separately.
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The original collection of the materials was principally made
by Mr. T. J. O'Connell, until lately the efficient and accurate

chief clerk of the Statistical Department, and was completed by

Mr. E. A. Wilson. The tabulation has been made by Messrs.

O'Connell, Wilson, A. A. Brooke, and John N. Stockwell;

and the greater part of the computations has been performed

by Mr. Stockwell alone, with great care, perseverance, and

ability.

The recruits who joined these original regiments after their

first organization and acceptance into the national service are

not included ; and the limits of the investigation have excluded

all drafted men, substitutes, &c. Moreover, many regiments be-

longing within these limits are omitted, because organized since

the collection of the data for the States to which they belong

;

but the number of these is comparatively small, and inadequate

to exert any sensible effect upon the results. The degree of com-

pleteness may be seen by the following table, which shows the

number and date of the latest regiment included in the collection.

Arkansas
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so that these depend upon the statistics of ages for 1 032 600 men,

of whom 35 953 were commissioned officers.*

The results have proved amenable to law in a higher degree

than I had ventured to anticipate. Residual discordances exist,

of course, between the numbers for each year of age, as derived

from the tabulated records, and those indicated by the general

formulas deduced from the whole series
;

yet where these dis-

cordances attain any essential magnitude, they may almost in-

variably be made to yield instructive and useful information.

The results attained, for that portion of the population who
thus rushed to the field at their country's call, naturally suggest

analogous inquiries regarding the white male population of the

United States, and especially relative to the population of that

portion of the country which furnished the volunteers under con-

sideration. And it was not until after many unavailing efforts

to obtain information as to the distribution of our population by

ages, that the great deficiency of our knowledge of the facts and

laws relative to this very important subject became manifest.

The only published attempt, of which I am aware, to classify the

population of the United States according to years of age is very

crude, and the method pursued yields results quite at variance

from the truth. The only trustworthy facts are contained in the

summaries of the census-returns ; and the groups into which the

population is there divided are altogether too large to permit the

desired laws to be deduced with ease. It is earnestly to be hoped

that in future census-publications the groups may be so made as

to include intervals of age not greater than five years.

It thus became important, if only for the sake of comparison

between the age%of the volunteer troops and that of the popula-

tion whence they sprung, to subject the census of 1860 to a simi-

lar discussion. And I cannot but think that the results elicited

might be advantageously employed, so far as they apply and
extend, for the life-tables of our insurance and annuity offices.

The life-curve for our American population is clearly diverse

from the curve on which the present English tables are based
;

* The prescribed limits of military age at the commencement of the rebellion were

18 and 45 years ; but the large proportional number at the age of 45 seems to indicate

that the law was so interpreted as to permit the acceptance of volunteers whose age at

their last birthday did not exceed 45 years.
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and it is a source of regret that the proper limits of the present

investigation forbid its extension into the tempting fields of in-

quiry which their comparison suggests.

The fact which first attracts attention among the results of this

research is the marked diversity between the distribution of the

ages of officers and that of the enlisted men. Each follows a

clearly manifest law ; in each case the law is deducible with close

approximation to the truth ; so also is the law governing the ages

of our population
;
yet each of the three is utterly different from

the other two. The sources of the diversity may well be made

the object of careful research, and not without a reasonable prob-

ability of useful results. Certain discordances between the re-

corded and the computed numbers for a few particular ages will

be considered hereafter.

2. Ages of the Unlisted Men.

The grand total of the rank and file of the volunteers whose

ages are included in this discussion is shown in the following

tabular view, which exhibits the recorded age at last birthday for

the entire number ; although, as already stated, those under 18

or over 45 (last birthday), 15 626 in all, have been excluded

from the general discussion. These excluded cases represent two

classes, viz. the boys, chiefly drummers, musicians, &c, and the

men who, although past the legal age, were so sturdy or earnest

that the enrolling officers did not, at that time of great national

peril, feel justified in insisting on an absolute compliance with

the legal qualifications.

In the column entitled " Miscellaneous " are included all those

organizations which do not belong strictly within the three prin-

cipal arms of the military service, such as Engineers, Sharpshoot-

ers, Mounted Infantry, Coast Guards, Marine Brigades, &c, to-

gether with a few regiments or battalions for which the statistics

were received after the special computations for Infantry, Cavalry,

and Artillery had been completed, so that their incorporation with

these would have required a repetition of the calculations without

producing any essential change in the result.
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TABLE I.

Classified Summary of Enlisted Volunteers.

Age
at last

birthday.
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The relative excess of the numbers at certain particular ages,

and the corresponding defect at others, strikes the attention at

the first glance. To the former class belong the ages, 21 years,

most years divisible by 5 (excepting 20 and 45), and those divisi-

ble by 2 ; to the latter class belong most of those years of age

whose last digit is 1 or 9. By determining the general law of

distribution, we may obtain the measure of this excess, and thus

throw light upon the origin of these discordances.

The following facts are also manifest, or readily deducible :
—

Of the whole number, 1 012 273, about 1 per centum (.0102),

were below, and a little more than one half as many (.0052) were

above, the limits of military age, interpreted as between the ages

18 and 46.

Of the number 996 647, within these limits,—
The average age at last birthday is ... 25.3250

The average age at time of enlistment is . . . 25.8083

The age above and below which the numbers are equal is 23.477

There were of the age 18 years . . . .13.27 per cent,

under 21 years .... 29.52 "

under 25 years . . . .58.34 "

under 30 years .... 76.57 "

The very close accordance of the proportional numbers for the

total face of about a million of men from all the loyal States, with

those deduced * by Mr. Elliott for less than 51 000 men from the

single State of Massachusetts, is very striking. Tables for the

individual States and groups of States, herewith presented, unite

in corroborating the inference that this distribution is due to no

special local influences, but to a general and overruling law, which

varies but slightly through widely distant regions of our country,

and seems scarcely affected by any influences dependent upon

immigration from abroad.

This law, which was found by Mr. Elliott to hold good also for

the Massachusetts troops, shows the number of volunteers (en-

listed men, not including officers) at each successive year of age

to form a series of which the first differences are in geometrical

progression.

• When the ratio of this geometrical progression is unity, the

* " On the Military Statistics of the United States of America," Proceedings of the

International Statistical Congress, V Session, 1S63, p. 32.
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progression becomes arithmetical ; when, as in the present case,

it is less than unity, we have a decreasing rate of change.

Let this ratio be denoted by h, and the number of men at any

given year of age be

Xn = b + c(l-h)h" (1)

so that the total number at and over that age will be

sn = a — bn-\-chn
(2)

in which n denotes the excess of the age above 18 years, at which

epoch
s = a -f- c.

The constants a, b, c, h are to be determined, and we have

jxQ
= c(l— h)% jxn= chn (l — h)\ jm xmn= chmn (l — hmy

whence

fan
_ dmXmn /g\

Am. x(m + 1) n

which enables us to determine h from the most convenient equi-

distant portions of the series.

The variation of the fundamental equation (2) gives for any

change in the values of the constants

&*„ = aa — n^b + hn& + nchn - 1 M, (4)

by means of which, after an approximate value of h has been

deduced from (3), and corresponding values of a, b, c derived

from the numerical data for any four years, the corrected values

of all four constants may be derived by the method of least

squares.

The total number up to any given age, or the definite sum from

x to xn , is evidently

s - sn = bn + c (1 — A") = 5J* (5)

so that

or by (2)

»+s*"=s(c -s: af)

= \ (*»- «)• (6)

Since the numerical values deduced from the tables belong not to

the age n years, but to that age which corresponds to the average
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for all the individuals between n and n-\-l years, the constants

deduced hold good also for the series of these mean ages ; the

successive annual arguments being really at intervals differing

slightly from one year.

The age t corresponding to this average may be deduced for

any year with sufficient accuracy for all practical purposes, by put-

ting n — t in the first member of equation (6), and using in the

last member the value of sn+i instead of sn , which gives

-< +^ = ^(Sn+i -a). (7)

Similarly we may find the age corresponding to the average for

any period of years. For this purpose we replace sn+i in the last

member of the equation (7) by

*(*+ *)=«— * *(n+ nO + *e(*»+ *0

and the corresponding value of t is the age equivalent to the

average of the period included between n and ri.

Proceeding as above described, and, after the first approximate

determination of h, a, b, c, from four conveniently situated and

equidistant observed values of sn , obtaining improved values for

all four constants by the method of least squares, the formulas

derived from the grand total of all the enlisted men of military

age as presented in Table I. are these, which express the relative

numbers for every ten thousand :
—

xn = -f 77.04 + 1156.0 • 0.85362"

*„ = 2102.8 — 77.04 n + 7897.2 • 0.85362".

With these values the fourth and seventh columns of Table II.

are computed, the third and sixth columns showing the "ob-

served," or recorded numbers, reduced to the same scale ; and

the fifth and eighth columns exhibiting the discordances between

the calculated and observed values.

These discordances, although in one sense regular, inasmuch as

the larger ones are apparently not the result of so-called accident,

or, in other words, of the use of numbers insufficient to eliminate

discordances of no palpable significance, are in another sense

markedly devoid of regularity, inasmuch as the positive and neg-

ative signs alternate freely, and no decided indication seems to

exist of a systematic deviation of the general formula.
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TABLE II.

Grand Total of Enlisted Men.

Age
at last

birthday.
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The trustworthiness of the equations from which the " calcu-

lated " numbers in this table are derived will be readily esti-

mated upon inspection of the two columns which exhibit the

difference between the calculated and observed numbers at the

different years of age ; and the substitution of the numerical

values of the constants in equations (6) and (7) enables us to

determine without difficulty the actual average age which corre-

sponds to any given " age last birthday."

Making these numerical substitutions, the equations assume the

form

— n + 102.507 (0.85362)" = — 27.2949 -f 0.01298027 sn (8)

t — 102.507 (0.85362)' = — 27.2949 -f 0.01298027 sn+i (9)

and yield at once the true ages corresponding to the average of

the ages " at last birthday," which will be found as follows :
—

Age last

birthday.

18
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TABLE III.

United States Volunteer Infantry.

11

Age
at last

birthday.
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TABLE IV.

United States Volunteer Cavalry.

Age
1 at last

birthday.
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TABLE V

.

United States Volunteer Artillery.

13

Age
at last

birthday.



14 AGES OF VOLUNTEERS.

TABLE VI.

Ages of Maine, New Hampshire, Vermont, and Connecticut VoVs.

Age
at last

birthday.
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TABLE VII.

Ages of Massachusetts Volunteers.

15

Age
at last

birthday.
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TABLE VIII.

Ages of New York Volunteers.

J

Age
at last

birthday.
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TABLE IX.

Ages of Pennsylvania Volunteers (including Reserves).

17

Age
at last

birthday.
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TABLE X.

Ages of Ohio Volunteers.

Age
at last

birthday.
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TABLE XI.

Ages of Indiana Volunteers.

19

Age
at last

birthday.
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TABLE XII.

Ages of Michigan Volunteers.

Age
at last

birthday.
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TABLE XIII.

Ages of Illinois Volunteers.

21

Age
at last

birthday.
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TABLE XIV.

Ages of Wisconsin and Iowa Volunteers.

Age
at last

birthday.
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The agreement of these several special results with those de-

duced from their aggregate is remarkable. Only in one case,

that of the Illinois troops, has the simple formula

sn = a — bn -\- chn

failed to give all desired accordance between theory and observa-

tion ; and throughout the whole series the same peculiarities in

the residuals are recognizable. In this connection I may add,

what is in itself very significant, that attempts to deduce a law

of distribution of age for troops recruited in Missouri, Kentucky,

Tennessee, and Virginia have proved fruitless, and only small

success was attainable for the Maryland volunteers. The infer-

ence is obvious, that the volunteering of troops from these States

was not subject to the undisturbed influence of any statistical

law. In the case of Illinois troops, a curious anomaly manifested

itself in the residuals, namely, a cyclical or periodic term. This

was found to be represented with sufficient accuracy by adding

to the formula a term d sin *i/n 68°, in which d = 314. I know
of no satisfactory interpretation of this expression, but it has been

used in the preparation of the table for that State.

In Table XV. is presented a summary of the results deduced

from the special groups presented in Tables III. to XIV. All

the constants are reduced to the same scale, and hold good for

10 000 troops of the ages 18 to 45 at last birthday, inclusive.

The mean ages, as here given, refer, not to the last birthday, but

to the actual date of enlistment.

The values of the constants for these special tables have been

determined from a smaller number of equations of condition

than were used for the grand total. In that each year was spe-

cially used ; in these the results were deduced from eight normal

places.
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TABLE XV.

Constants deducedfor Special Glasses of Volunteers.
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of 44 in most States, corresponding to an analogous deficiency at

45. This varies, however, in different States, owing in all proba-

bility to the different interpretation by the mustering officers of

that provision of the law which precluded the acceptance of men
over 45 years old. The average, in the more elaborately calcu-

lated table for the grand total, places the number at 44 in excess

of the computed number by two thirds of its whole amount, and

leaves that at 45 in defect by one fourth part.

For all other ages than those enumerated, the regular excess or.

defect of the residuals furnishes apparently the measure of the

accuracy with which the ages were stated or recorded. It will be

seen that at those ages which correspond to what are called round

numbers, such as those divisible by 10, also, though to a less

extent, at those divisible by 5, and in a still less but yet recog-

nizable degree, at those divisible by 2, the recorded numbers are

in excess; while the adjacent numbers, especially those ending in

1, 9, and 7, are in defect. The natural tendency which every one

will recognize, and which inclines us to make use of certain more
habitually employed numbers, rather than to use a minuteness

repugnant to some persons, furnishes an adequate and, as I believe,

the true explanation.

It will be readily noted that where any two of the above-named

principles conflict, the residual is diminished ; and that where they

act in combination it is increased.

Lines showing the computed and the enrolled numbers of

enlisted men are given on Chart A, and readily manifest these

facts to the eye. The other data upon this chart are given for

comparison, and will be referred to hereafter. It will be borne

in mind that the numbers given do not, by a large amount, repre-

sent the actual numbers of enlisted volunteers or of volunteer

officers, nor probably so much as two fifths of the total number
of our soldiers in the struggle for national existence. They are

relative quantities, deduced from only those data cited at the com-

mencement of this paper, and illustrate, not the actual numbers

for our troops, but the relative distribution of their ages.

The same results are presented in another form upon Chart B,

which exhibits, for the enlisted men, the officers, and the white

male population, the proportion at and over the specified ages and

under 45 years, for each 10 000 men of military age.
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Charts C and B show the law by which the ratios of officers

and enlisted men to the white male population vary with the age.

All the numbers are reduced to the scale of ten thousand of pop-

ulation at 18 years, Chart being constructed in reference to

the whole United States, and Chart D to the Loyal States only.

3. Ages of Officers.

The total number of officers of all ages is 37 184, that of those

between 18 and 46 being 35953.

On comparing the numbers at the several ages with the formula

sn= a— bn-\- chn

we find at once that for certain ages the value of h would be an

impossible one ; and that for other years, which would yield possible

values, these values are so discordant and the residuals to which

they lead become so large that it is manifest that the curve can be

represented neither by this nor by any similar law.

Many trials have led to the empirical formula

sn= a— bn* -4- c sin nk 8 (A)

as that which best represents the character of the curve. The

extremely complicated manner, however, in which the six constants

of this equation enter into the formula renders the attainment of

a solution from six equations, by any direct process, a matter of

great difficulty and inconvenience. Of course the constant a rep-

resents the value of *„ for n= 0, so that the problem really con-

sists in the determination of the five quantities b, c, &', k, and 0.

Graphic representations of the curve, by showing the points at

which the third term becomes =0, facilitated the approximate

determination of these constants, and thus equations of condition

were formed which have led to quite satisfactory values, giving

an agreement between the formula and the observed numbers

nearly if not quite as good as that obtained for the enlisted men

by the formula already described.

Subsequently, investigations made for the purpose of extending

this formula to the ages from 46 to 50 showed a deviation for these

later years. This* deviation seems only to be reconciled by the

employment of an additional term containing two more constants,
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and the term thus found proves applicable to all ages above 30,

essentially diminishing the residuals for all subsequent years.

The formula then stands for each 10 000 officers

s„=10 000— 736rca75+ 1259 sinrc
0536 x 45°.64+ 100 sin (n— 12)18°

in which the last term is only to be employed for positive values

of n— 12, that is, for ages above 30 years.

The near agreement of this formula with the observations will

be recognized on Table XVI., which exhibits for each year of age

from 18 to 50, as well as for those above 50, the actual and the

proportionate observed number of officers, both at, and at and over,

the given age, together with the corresponding numbers as deduced

from the formula, and the discordances between Computation and

Observation.

The dissimilarity of the curves thus found for officers and for

enlisted men is most striking, as will be perceived by reference to

Charts A and B. The chief discordance for the officers' curve is

for the age of 18 years, at which, or at 19, the formula seems to

fail. This is probably due in part to the fact that comparatively

few officers were commissioned under the age of legal maturity,

so that the law governing the distribution by age ought not to be

regarded as applicable below 21 years.
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TABLE XVI.

Ages of Officers of United States Volunteers.

Age
at last

birthday.
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The mean age at last birthday for all the officers is . 30.4406
" " " for those between 18 & 45 29.8338

and the mean age of the mean at last birthday is . 29.45

or about 29.94 at the time of their muster into the service.

Above and below this age the number of officers was equal.

The annexed Table XVII. exhibits the relative proportions of

officers to the enlisted men, and of these to the white male popu-

lation of the whole United States and of the Loyal States respec-

tively, as given by the census of 1860, taken less than one year

before the call to arms.

The caution must here be repeated, that the " proportion of

enlisted men to the population," as here given, does not at all

apply to the armies of the nation during the rebellion. It relates

solely to the number of volunteer troops here considered ; and

this Table XVII. is presented solely to make manifest the laws

according to which the ratios of enlisted men to the population,

and the ratios of officers to men, varied with the age.

TABLE XVII.

Relative Proportions

of Officers, Enlisted Men, and White Male Population,

for the first million of Volunteers.

AGE.
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4. Population of the United States and of the Loyal States.

The great and unexpected dissimilarity between the law of dis-

tribution of age for officers and for men led, as I have already

mentioned, to an investigation of the ages of the white male pop-

ulation, both of the whole United States, and of the Loyal States

considered by themselves. And, in the absence of any distinct

criterion, those States which were free from slavery in 1860, to-

gether with Delaware, Maryland, Kentucky, and Missouri, have

been classed as Loyal States. The territory of West Virginia,

eastern Tennessee, &c, is thus excluded, although inhabited by

a thoroughly loyal population, which contributed about twenty of

the regiments here computed ; and about ten other regiments,

included in our data, were raised in States not accounted loyal.

But all these are offset by the very considerable portion of the

inhabitants of the four Slave States above named, from which the

insurgent army was reinforced.

The only materials available for the inquiry are contained in

the tables, derived from the official census of the United States

in 1860. Of course it is the male population alone which has any

relation to the present research.

The difficulty of deducing from these meagre details the num-

ber of males at each year of military age is apparent at the first

glance. Had the classification between the ages of 20 and 50

been in six groups of five years each, instead of three groups of

ten years, the facility and accuracy of the investigation would have

been incomparably greater. As it is, the only available data are

contained in the second column of the following tables, XVIII.

and XIX. These tables give, in column 9, the results of the

formulas obtained for representing the observed numbers given

in column 2. The degree of correctness of these formulas may
be estimated by means of column 4, which shows the excess of

the calculated number over the number given by the census, in

decimals of the latter. The accordance for ages above 20 years is

remarkably good. Beyond 50 years the agreement is not so close

as between 20 and 50, but is nevertheless quite tolerabll ; but the

comparison is omitted here as not pertinent to the subject, since

none of the census-numbers for groups of ages above 50 have

been employed in the computation.
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The other columns require no explanation. It will be remem-

bered that the numbers of enlisted men and officers here given

are merely those belonging to the original volunteer regiments at

the time of their enlistment, excluding all recruits, substitutes,

drafted men, &c. Also, that the numbers apply only to those

regiments which had been mustered into the United States ser-

vice prior to the collection of our data, as shown on page 2.

TABLE XVIII.

White Male Population of the United States in 1860.

Comparison between Computed and Observed Ages.

Age at last

birthday.
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The formulas which thus represent the number of white males

from the age of 10 years upwards are,—
for the United States

x = 445440 sin (134° 34'
-f- (y— 10) • 52')

for the Loyal States

x = 257 870 sin (111° 6"'.l -p (y— 10) • 80'.2)

in which x is the number at the year of age y.

Assuming these values to be correct, we find the distribution

of the white male population in 1860 to have been as represented

in Tables XX. and XXI.
These tables show, for the United States and the Loyal States

respectively, the actual numbers : — first, at each year of age

from 15 to 50, inclusive ; secondly, at and over each year of age

from 15 to 50, inclusive ; thirdly, at and over each year within

the limits of military age from 18 upwards, and also the cor-

responding relative or proportional numbers, using those for 18

years as the units.

Subsequent investigation has led to the detection of a formula

totally different in structure from those above given, but which,

although its agreement with the census-numbers within the years

of military age is by no means so close as these afford, yet repre-

sents the various censuses of the United States and those of for-

eign countries throughout the period of human life with a degree

of precision never before attained, so far as I am aware. It rep-

resents the number of infants under one year as well as, and

indeed better than, the number at middle life or advanced years

;

and I cannot avoid the conviction that this formula affords an im-

portant step toward the true mathematical expression of what we

may call the life-curve. Modifications will doubtless be made in

it ; indeed, it manifestly gives the numbers too small for the ages

under 5 years, over 70 years, and between 20 and 45 years, while

those of later childhood and youth on the one side, and of ad-

vanced maturity on the other, are in excess. But the discor-

dances are small, and I hardly think that any expression of equal

simplicity will be found which will represent the life-curve more

closely.
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Of this formula, which is simply

sn = a sin n k" 8

where sn represents the sum of all under the age n, a is the total

number, and k, 6 are two constants characteristic of the especial

population under examination, details and applications are given

in the Appendix ; where also are tables exhibiting the distribution

of the total white male population of the United States and of the

Loyal States, as given by this law. The values differ slightly from

those in Tables XXI. and XXII., which, for the census of 1860

at least, seem to be more accurate within the limits to which

they are extended, although the corresponding numbers beyond

these limits would be less accordant with observation.
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TABLE XX.

White Male Population of the United States in 1860.

Age
at last

birthday

Actual Number

15

16

17

18

19

20

21

22

23

24

25

26

27

2S

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

At the
given age.

294 770

289 680

284 530

279 320

274 040

268 700

263 290

257 820

252 300

246 720

241 090

235 380

229 640

223 840

217 990

212 090

206 140

200 140

194 100

188 020

181 890

175 710

169 500

163 250

156 970

150 640

144 290

137 900

131 470

125 020

118 540

112 030

105 500

98 940

92 360

85 760

At aud o*ver

given age.

8 252 612

7 957 842

7 668 162

7 383 632

7 104 312

6 830 272

6 561 572

6 298 282

6 040 462

5 788 162

5 541 442

5 300 352

5 064 972

4 835 332

4 611 492

4 393 502

4 181 412

3 975 272

3 775 132

3 581 032

3 393 012

3 211 122

3 035 412

2 865 912

2 702 662

2 545 692

2 395 052

250 762

Iff 862

981 392

856 372

737 832

625 802

520 302

421 362

329 002

At and over
given age and
under 46.

5 645 800

5 366 480

5 092 440

4 823 740

4 560 450

4 302 630

4 050 330

3 803 610

3 562 520

3 327 140

3 097 500

873 660

655 670

443 5S0

237 440

037 300

1 843 200

1 655 180

1 473 290

1 297 580

1 128 080

964 830

807 860

657 220

512 930

375 030

243 560

118 540

Relative Number

At the
given age.

10 000

9 811

9 620

9 426

9 230

9 033

8 833

8 631

8 427

8 222

8 014

804

593

380

165

949

6 731

6 512

291

068

845

620

393

166

937

707

476

244

Oil

777

542

307

072

At and over
given age.

10 000

9 622

9 251

8 887

8 530

8 181

839

505

179

860

549

246

951

664

385

114

851

596

350

112

882

661

448

244

049

862

684

515

354

202

059

925

800

At and over
given age &
under 46.

10 000

9 505

9 020

8 544

8 078

621

174

737

310

893

486

090

704

328

963

609

265

932

610

299

999

1 710

1 432

1 165

909

665

432

210



AGES OF VOLUNTEERS. 35

TABLE XXI.

White Male Population of the Loyal States in 1860.

Age
at last

birth-

day.
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The results present some curious contrasts between the life-

curves for the total population in the loyal States and in the

insurgent States, which may be best recognized by reference to

the appended chart, marked E. This chart exhibits the number

of white males at each year of age from 18 to 50, corresponding

to each 10 000 at the age of 18. It will be seen at once that the

curvature of the line representing the population of the insurgent

States is in the direction opposite to that of the lines belonging

to the loyal States and to the whole country. The dotted line

is straight, and shows what the distribution would be, did it follow

a regular arithmetical progression. To what extent this differ-

ence may be due to immigration from Europe, which has been

chiefly to the Free States, I will not undertake to estimate. We
have seen, however, that the law of distribution of our volunteer

troops according to ages was essentially the same for those States

to which immigration is greatest as for those to which it is

least.

The construction of all the curves laid down on the accompany-

ing charts will be manifest without explanation. For those or-

dinates which belong to the respective ages they give the corre-

sponding numbers.



APPENDIX.

ON THE AGES OF A POPULATION.

In the course of the preceding investigation, the interesting question as

to the general distribution of a population by ages became prominent ; and

the inquiry continually suggested itself, how far any simple formula might

be capable of representing the observed numbers for all ages of life. This

has incidentally led to the detection of what seems to be the true law, which,

although not strictly pertaining to the subject in hand, seems yet to possess

sufficient practical value and importance in its indirect bearing to justify its

introduction here,— the more especially, since endeavors to obtain informa-

tion on this point elsewhere have proved fruitless.

It appears that, in a population at all homogeneous in its character, the

number of persons under the age n years may be represented by the simple

expression

N= a sin n kn 6

in which a denotes the total number of the population, while k and 6 are

constants peculiar to the country and epoch. The quantity 6 is an angle

somewhat larger than 1°, and k is a number, generally a little less than

unity.

For the special case &= 1, the formula becomes

iV= a sin n 8

containing only one unknown quantity, the angle 6, to be determined by

investigation.

A very peculiar characteristic of this law is recognizable in the circum-

stance that the number at any given age appears to be strictly proportional

to the whole population ; so that the expectation of life, for the average indi-

vidual, is as well represented as is the general distribution by ages of the

total number of individuals, of whom the population is composed.
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Investigating the values of the constants k and 6 for the people of the

United States at each of the last four enumerations, we find

Date k 6

1830 0.9918 2°.0524

1840 0.9921 1°.9747

1850 0.9932 1°.8361

1860 0.9941 1°.7307.

The census of 1820 is not sufficiently distinct, in the assortment by ages,

to permit a determination of the constants, but the indications are clear

that a proper enumeration would have afforded results in conformity with

the preceding series ; the value of k being smaller, and that of 6 larger than

for the population in 1830.

The curious fact thus becomes evident, that our population has, during

the last forty years or more, been gradually assimilating itself to the normal

type represented by k= 1 ;
growing, or developing itself, so to speak,

toward a compliance with the simple law

iV= a sin n 6

in which the value of 6 indicates the longevity of the people, since, accord-

ing to the formula, the entire population becomes extinct at the age when

nd=90°.
How far immigration has affected the values of the constants for the

United States we will not now inquire. Were the tendency to immigrate

independent of age, no appreciable influence could be traced to this source

;

and the character of the immigration into this country seems to have been

such as to exhibit no great preponderance or deficiency for any one period of

life, except perhaps that there is some deficiency in the relative number at

the most advanced ages. But the accessions to our population from Ireland

and Germany appear to have been in most cases by families, and not com-

posed chiefly of persons in the prime of life or fullness of strength, as is the

case in very new countries.

The English people appearing to afford a fair specimen of a permanent

and normal population, the last two censuses of England and Wales were

examined, and with the following result :
—

Date



AGES OF VOLUNTEERS. 39

indicates a longer duration of life in that country ; but k, the modulus of

the change by geometric progression, was not larger for England in 1851

than it bids fair to be for the United States in ten years from the present

time.

Passing next to the French population, we find the value k = 1 as the

result alike of the last three enumerations, the values of 6 being

in 1851
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TABLE XXII.

Ages of the Population of the United States,

as deduced from the Census Returns of 1830 and 1840.

AGE.
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TABLE XXIV.

Ages of the Population of England and Wales,

as deduced from the Census Returns of 1851 and 1861.

AGE.
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TABLE XXV.

Ages of the Population of France,

as deduced from the Census Returns of 1851, 1856, and 1861.

AGE.

0-

5-

10-

15-

20-

25-

30-

35-

40-

45-

50-

55-

60-

65

70-

75

80

85 J

5

10

15

20

25

•30

35

10

45

50

55

60
•65

-70

-75

-80

-85

i over.

Census of 1851.

Proportional
numbers.

Ob- Caleu-

served. lated.

Total,

9291

9216

8800

8805

8326

8020

7565

7188

6596

5S69

5782

4390

3670

2785

1952

1062

480

203

100000

Difference.

(C.-O.)

9208

9130

8946

8716

8437

8036

7616

7105

6534

5890

5233

4512

3753

2954

2148

1313

468

1

100000

-0.009

-0.009

+0.016

-0.010

+0.013

+0.002

+0.007

-0.012

-0.009

+0.004

-0.095

+0.028

+0.023

+0.059

+0.100

+0.239

-0.025

Census of 1856.

Proportional
numbers.

Ob-
served.

9568

9120

8821

8530

8077

8075

7575

7255

6656

6041

5317

4838

3734

2757

1902

1088

453

193

100000

Calcu-
lated.

Difference.

(C - O.)

9200

9119

8965

8736

8427

8051

7614

7092

6526

5902

5228

4503

3753

2958

2145

1312

468

1

100000

-0.038

0.000

+0.016

+0.024

+0.043

-0.003

+0.005

-0.022

-0.020

-0.023

-0.017

-0.069

+0.005

+0.076

+0.128

+0.205

-0.033

Census of 1861.

Proportional
numbers.

Ob- Calcu-
served. lated.

9677

8767

8668

8701

8237

7857

7421

7098

6625

6155

5382

4559

4160

2941

1940

1123

490

199

100000

Difference.

(0. - 0.)

9124

9052

8898

8722

8374

8005

7564

7071

6514

5900

5254

4518

3790

3016

2218

1398

568

14

100000

-0.088

+0.032

+0.027

+0.002

+0.017

+0.019

+0.019

-0.004

-0.017

-0.041

-0.024

-0.009

-0.090

+0.025

+0.143

+0.245

+0.159

FORMULAS

For 1851, N= 100 000 sin n (1°.0553).

1856, N= 100 000 sin n (1°.0556).

1861, N= 100 000 sin n (1°.0473).
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The agreement of the observed numbers with those given by our formula

is indicated by the quantities in the columns headed G.— 0. (i. e. Com-

puted minus Observed), and appears to be entirely within the limits of

probable error in the enumeration,— if we except those discordances for

the French census already alluded to. It affords a strong argument for

belief that the true form of the normal life-curve is closely represented

by the sine-formula.

The only other statistics of ages for European populations, which have

been conveniently accessible, are contained in the abstract of the Prussian

census of 1852, given by Brachelli, in the second volume of his Deutsche

Staatenkunde. A discussion of the numbers there recorded gives

jfe= 0.9960, 0=1°.47O2,

these values being closely similar to those for England and Wales in

1851.

It is manifest that if the number under any given age n be represented

by the expression

N= a sin n k71 8

the number between the ages n and n-\-\ will be expressed by

2a sin ^kf1 (kn-\-k — n)6. cos ^k71

(k n -\- k -{- n) 6,

and the mortality at the same period, by the finite difference of this quantity.

But when 6 becomes unity, these values are greatly simplified, and we
have

Population under the age n years = a sin n 6

Population at " " " " = 2a sin \6 cos (n-\- ±)d

Mortality " " « " " = 4 a sin (n+ 1) 6 sin
2
\6.

According to the formula here presented, the life-curve for advanced ages

bears no similarity to an asymptote, but ceases abruptly when the quantity
90°

n k"6 = 90°
; or for the case of k = 1, when n = - . This indicates that

8
all ages above this limit are exceptional, and to be regarded in the same
light as deviations from the theoretical number at other periods of life.

The many paths of research offered by the residual discordances from

the formula must be passed by on this occasion, with the single remark that

they offer indications of abundant reward for any explorer.

It is proper to add, that in these investigations, as in those on the Ages of

Volunteers, the computations have been almost exclusively carried on by
Mr. J. N. Stockwell.

Cambridge, January, 1866.
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